From mass textures point of view, we present a comparative study of the S3 flavor symmetry in the left-right symmetry model (LRSM) and the baryon minus lepton model (BLM) taking into account their predictions on the CKM mixing matrix. To do this, we recover the already studied quark mass matrix, that comes from some published papers, and under certain strong assumption, one can show that there are predictive scenarios in the LRSM and BLM where the modified Fritzsch and nearest neighbor interaction (NNI) textures drive respectively the quark mixings. As main result, the CKM mixing matrix is in good agreement with the last experimental data in the flavored BLM model.
2 treated with finesse.
In the model building context, the mass textures have been generated dynamical by the flavor symmetries [22] [23] [24] [25] .
As a result of this, in the last years, a plethora of discrete symmetries have been proposed to accommodate the fermion mixings, all of this in different theoretical frameworks. In particular, the S 3 flavor symmetry, and its implications on masses and mixings, has been studied in the left-right symmetry (LRSM) [26, 27] and baryon minus lepton number models (BLM) [28] .
In the current paper, from mass textures point of view, we present a comparative study of the S 3 flavor symmetry in the left-right symmetry model (LRSM) and baryon minus lepton model (BLM) taking into account their predictions on the CKM mixing matrix. To do this, we will recover the already studied quark mass matrix, that comes from some published papers [26] [27] [28] , and under certain strong assumption, one can show that there are predictive scenarios in the LRSM and BLM where the modified Fritzsch and nearest neighbor interaction (NNI) textures drive respectively the quark mixings. As main result, the CKM mixing matrix is in good agreement with the last experimental data in the flavored BLM model.
The plan of the paper is as follows: two flavored gauge models are describe briefly in section II, along with this the quark mass matrix that comes from those models; in the section III, the corresponding quark mixing matrix are obtained and relevant features are remarked. A numerical study is carried out, in section IV, to find a set of values the free parameters that accommodate the mixings. We close with relevant conclusions in section V.
II. QUARK MASS MATRIX
As it is well known, in several extended models with three Higgs doblets (3HD) and the S 3 flavor symmetry 1 , the quark mass matrix is given by
where the q = u, d and the matrix elements depend on the theoretical framework where the model is realized. In the current work, we will focus in two studied frameworks.
A. Flavored left-right symmetric model (FLRSM)
The minimal left-right symmetric model (LRSM) is based in the
group which is an appealing extension of the SM. The quark and scalar fields and their respective quantum numbers (in parenthesis) under the gauge symmetry are given by
Then, we have the the Yukawa mass term
where the family indexes have been suppressed andΦ i = −iσ 2 Φ * i iσ 2 . As it is well known, in the LRSM too many Yukawa (y q andỹ q ) couplings appear in the mass matrices, as can be seen in Eq. (3). This drawback may be alleviated by Parity Symmetry, Ψ iL ↔ Ψ iR and Φ i ↔ Φ † i , which relates the Yukawa couplings (y = y † ,ỹ =ỹ † ) and the gauge couplings too. On the other hand, after the spontaneous symmetry breaking, Φ = Diag.(k, k ), the quark mass matrix are given as
As a result of imposing Parity Symmetry, one will end up having a complex symmetric quark mass matrix if the vacuum expectation values (vev's) are complex; in the literature this scenario is well known as pseudomanifest left-right symmetry (PLRT) [71, 72] . If the vev's are real, the quark mass matrix is hermitian and the number of CP phases are reduced, this framework is known as manifest left-right symmetry (MLRT) [71, 73] .
As was already commented, the LRSM framework was combined with the S 3 flavor symmetry to provide a flavored non-minimal left-right symmetric model [26, 27] . In those papers, three Higgs bidoublets, Φ 1,2,3 , are required to accommodate the PMNS and CKM mixing matrices. Then, the matter content of the model transforms in a not trivial way under the S 3 symmetry and this is displayed in the table below. Remarkably, the flavor assignation provides hierarchical mass matrices as we will see later. The lepton sector was leave aside in this particular scenario, so the full assignment can be found in [26, 27] for more details. In the mentioned papers, the quark mass matrix, M q , has the entries
where Parity Symmetry was imposed in the model so that both sceanrios, PLRT and MLRT, were studied in a particular alignment in the vev's, k 1 = k 2 and k 1 = k 2 , to reduce the free parameters.
In the current work, we will recover the MLRT scenario, however, the study is totally different to that already presented in [26, 27] since that a strong assumptions will be done in the vev's in order to reduce a little more the parameters. As a result of this, a simplest and predictive scenario comes out but some disadvantages will be appeared.
Henceforth, we assume that k i = 0, then the quark mass matrix given in Eq. (4) contains fewer Yukawa couplings and that will be denoted by
In what follows, we will show how to above mass matrix possesses implicitly a kind of Fritzsch textures but an extra free parameter, in two entries of the diagonal, modify that textures.
B. Flavored baryon minus lepton Model (FBLM)
An other interesting extension of the SM is the well known B-L gauge model, this is based on the Under B-L, the quantum numbers for quarks, leptons and Higgs (φ) are 1/3, −1 and 0 (−2), respectively. Then, the gauge invariant Lagrangian is
Within this theoretical framework, the S 3 flavor symmetry was also explored and the three Higgs doublets were included to generate the fermion mixings. In particular, in the model [28] , the quark and Higgs fields transform in a not trivial form as can be seen in the following table. Given the above assignation, the quark mass matrix has the same form as that given in Eq. (1). In this scenario, the quark matrix will be denoted byM
where the matrix elements are
where the q = u, d. In here, it is convenient to remark the number of Yukawa couplings is reduced to half in comparison to the FLRSM [26, 27] . Along with this, theMuark mass, in general, is not hermitian neither complex symmetric so that extra free parameters must contain the quark mass matrix. As we will see, this possesses implicitly the NNI textures that are capable to accommodate the CKM mixings.
III. QUARK MIXING MATRIX
In this section, we will show explicitly that the quark mass matrix possesses implicitly the Fritzsch and the NNI textures in the FLRSM and FBLM, respectively. To do this, we have to keep in mind that M q andM q are diagonalized
, m q2 , m q3 ) with m qi being the physical quark masses. Then, we make the following rotation for each case
where m q ,m q and U θ are given respectively as
with the following two conditions to be satisfied
Both relations give us the relation
, therefore θ = π/6 or 5π/6 as was shown in [52] . As can be noticed, for each case, the diagonalization proceed will be different due to the nature of the quark mass matrix.
A. FLRSM
The m q mass matrix (given in Eq. (9)) may be written as
where B q = 2b q / √ 3 and C q = 2c q / √ 3. Without loss of generality, we assume that a q , B q and g q are positive defined.
Then, as one can realize, if a q was zero, the mass matrix would possess the Fritzsch textures with one CP violation phase less since that B q is real. Then, this extra parameter, a q , will modify slightly the Fritzsch textures as we will see in the diagonalization proceed. In order to do this, for simplicity, the matrix elements in the Eq. (18) will be normalized by the heaviest mass.
Having commented the CP violating phases can be factorized as P qmq P † q where P q = Diag.(1, 1, e −iα Cq ) with α Cq = arg(C q ) andm q being a real symmetric matrix. Thus, we choose appropriately u q = P q O q where the latter real orthogonal matrix is given as 
with
In this parametrization, there is a constraint among the quark masses and the free parameterã q , this is 1 >m q2 >m q1 >ã q > 0. Finally, the mass matrices, that take place in the CKM one, are give as U qL = U θ P q O q . Therefore,
Remarkable comments have to do for pointing out the salient features of this simplest scenario (MLRT). Under this approach, the CKM mixing matrix has three free parametersã u ,ã d and the CP violating phase,ᾱ q = α C d − α Cu . As a result, this scenario turns out being quite predictive.
In order to show that the extended Gatto-Sartori-Tonin relations are obtained in this framework, let us make an analytic study on the CKM mixing matrix. To do this, we will take particular values for the free parameterã q that satisfies the constraint 1 >m q2 >m q1 >ã q > 0:
1. Ifã q goes tom q1 , we obtain
In this limit, the CKM mixing matrix would not be accommodated quite well.
2. Ifã q goes to 0, then as one can verify straight, one obtains the Fritzsch textures with (1−mq 2 )(1+mq 1 )
If both sectors, q = u, d, have the same limit, one obtains the following relations
which look like the Gatto-Sartori-Tonin relations. Additionally, one does notice that those entries do not depend strongly on the CP violating phase,ᾱ q . This fact has a direct consequence on the Jarlskog invariant, as we will see in the numerical analysis.
B. FBLM
In this case, see Eq.(9), the quark mass matrix,m q , contains five free parameters
which only three can be fixed in terms (|B q |, |C q | and |F q |) of the physical masses. Therefore, this scenario is not very predictive, however, for simplicity, let us adopt the benchmark where a q = 0 which means that y q 2 = 0. In this way, the NNI textures arises in the quark mass matrix.
In this benchmark, we have to figure out the form of the u f R and u f L unitary matrices that diagonalizem q . Then, we must build the bilineal forms:
qmq u qR , however, in this work we will only need to obtain the u qL left-handed matrix which takes place in the CKM matrix. This is given by u qL = Q qL O qL where the former matrix contains the CP-violating phases, Q q = diag (1, exp iα q , exp iβ q ), that comes fromm qm † q . O qL is a real orthogonal matrix and this is parametrized as
In the above expressions, all the parameters have been normalized by the heaviest physical quark mass, m q3 . Along with this, from the above parametrization, y q ≡ |g q |/m q3 , is the only dimensionless free parameter that cannot be fixed in terms of the physical masses, but is is constrained by, 1 > y q >m q2 >m q1 . Therefore, the left-handed mixing matrix that takes places in the CKM matrix is given by U qL = U θ Q q O qL where q = u, d. Finally, the CKM mixing matrix is written as
This CKM mixing matrix has four free parameters, namely y u , y d , and two phases α q and β q ; these parameters will be constrained numerically in the next section. We ought to comment that, in this case, the analytic study will not be realized since that NNI textures have been studied quite well and those work perfectly in the quark sector [13] [14] [15] [16] .
IV. NUMERICAL RESULTS
In the following numerical analysis, for both scenarios, we will make some scattering plots to constraint the allowed region for the free parameters. To do this, we demand that the free parameters fit the CKM matrix elements 
where θ 12 , θ 13 and θ 23 stand for the three mixing angles and δ the only CP violating phase.
A. FLRSM
In this simplified scenario, there are only three free parameters namelyã u ,ã d and the CP violating phase α q .
These have to satisfy the following constraints 1 >m q2 >m q1 >ã q > 0 with q = u, d and 2π ≥ᾱ q ≥ 0. With these conditions, we obtained the following scattering plots.
The fig.1 shows that there is region of values for the free parameters where the entry |V cb | is consistent with the experimental values. A remarkable fact is that for the CP phase there are two small region whereᾱ q is close to 0 and 2π, as one can see. The rest of the plots, |V ui | (i = d, s, b), will not show because these are redundant since these will be within the experimental regions since that we demanded it. Let us include some plots that are model predictions. First, the fig. (2) shows the permitted region for the observable |V ts | with the same allowed region for the free parameters. In the figs.(3-4) , one sees that the model predicts that entry |V td | and the Jarlskog invariant are respectively above and below of the experimental data. This result can be easily understood since that the mentioned observable depend strongly on the CP violation phase. More even, in the standard parametrization of the CKM mixing matrix, the corresponding CP violating phase, δ, must be directly associated with the only phase of this scenario, this is,ᾱ q . As was already mentioned,ᾱ q lies in two regions (close to 0 and 2π) where the Jarlskog invariant is fairly suppressed as can be seen in the figs. (1-2) . to not be redundant since that the other three entries are well accommodated as one can verify straight.
As we can see, in the Fig.(5) , there is a region of values for the free parameters where the entry, |V cb |, is in good agreement with experimental data. Remarkably, there are two notable regions for the CP phase, α q , where the mentioned CKM entries is accommodated. In addition, that entry does not depend strongly on the second CP violating phase, as one sees in the corresponding figure. In general, the CKM entries are non sensitives to the second CP phase, β q , as we will see in the next scattering plots.
Additionally, a model prediction, |V ts |, is shown in the figure 6. As can be noticed, analogously to the entry, |V cb |, there is a similar behavior for |V ts | with respect the free parameters. Let us remark that the fourth plots supports our statement on the minor role that plays the second phase in this framework. In the plot 7, we see the entry |V td | as function of the free parameters. As one can realize, in the FBLM scenario, there are some regions of values for the free parameters where the mentioned CKM element is fitted quite well in comparison to the FLRSM case.
At the same time, the permitted region of values for the Jarlskog invariant is displayed in the figure (8) . In this case, the CP violating phase, δ, must be a combination of the two phase α q and β q which are the only source of CP violation in the FBLM scenario. Remarkably, the predicted region of values for the Jarlskog invariant is compatible with the experimental results.
Before finishing this section, let us make some general comments on the FLRSM and FBLM frameworks. In the former one, the CP violating phase is not sufficient to fit simultaneously the |V td | and the Jarlskog invariant. In the latter case, the CP phase, α q , plays an important role in the CKM matrix elements in comparison to the second phase, β q , as one can see in the above scattering plots. In fact, the CKM matrix is more sensible to the former phase than the second one. 
V. CONCLUSIONS
We have made a brief comparison of the quark sector that comes from two gauge models dress with the S 3 flavor symmetry. In spite of the fact that those models were studied before, the presented simple scenarios have not been released neither compared in the literature.
As was shown, two simple cases, one for each model, were studied and compared taking into account their predictions on the CKM mixing matrix. Albeit the FLRSM scenario has fewer free parameters, it is not able to fit the CKM mixing matrix since that the only CP violating phase is not sufficient to accommodate the observables that depend strongly of that parameter. On the other hand, there are more free parameters in the FBLM case, however, a strong assumption on the Yukawa couplings was done to reduce the unknown parameters. In this benchmark, the NNI textures drive the quark mixings and, as we noticed, there are allowed regions for the free parameters where CKM mixing matrix is in good agreement with experimental data. In addition, the predicted region for the Jarlskog invariant lies withing the experimental limits.
According the obtained results, the NNI textures work better than the modified Fritzsch under the assumptions carried out.
